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POINTWISE ALMOST H-SEMI-SLANT SUBMANIFOLDS
KWANG-SOON PARK
Abstract. We introduce the notions of pointwise almost h-slant submani-
folds and pointwise almost h-semi-slant submanifolds as a generalization of
slant submanifolds, pointwise slant submanifolds, semi-slant submanifolds, and
pointwise semi-slant submanifolds. We obtain a characterization and investi-
gate the following: the integrability of distributions, the conditions for such
distributions to be totally geodesic foliations, the mean curvature vector fields
on totally umbilic submanifolds, the properties of h-slant functions and h-semi-
slant functions, the properties of non-trivial warped product proper pointwise
h-semi-slant submanifolds. We also obtain the topological properties of proper
pointwise almost h-slant submanifolds and give an inequality for the squared
norm of the second fundamental form in terms of a warping function and
a h-semi-slant function for a warped product submanifold of a hyperka¨hler
manifold. Finally, we give some examples of such submanifolds.
1. Introduction
Given a Riemannian manifold (M, g) with some additional structures, there are
several kinds of submanifolds:
(almost) complex submanifolds ([29], [23], [28], [34]), totally real submanifolds
([14], [17], [12], [16]), CR submanifolds ([46], [2], [7], [41]), QR submanifolds ([3],
[31], [6], [25]), slant submanifolds ([8], [32], [11], [33], [43]), pointwise slant sub-
manifolds [13], semi-slant submanifolds ([36], [42], [10], [30]), pointwise semi-slant
submanifolds [44], etc.
In 1990, B. Y. Chen [8] defined the notion of slant submanifolds of an almost
Hermitian manifold as a generalization of almost complex submanifolds and totally
real submanifolds.
In 1994, N. Papaghiuc [36] introduced a semi-slant submanifold of an almost
Hermitian manifold as a generalization of CR-submanifolds and slant submanifolds.
In 1998, F. Etayo [18] defined the notion of pointwise slant submanifolds of
an almost Hermitian manifold under the name of quasi-slant submanifolds as a
generalization of slant submanifolds.
In 2012, B. Y. Chen and O. J. Garay [13] studied deeply pointwise slant sub-
manifolds of an almost Hermitian manifold.
In 2013, B. Sahin [44] introduced pointwise semi-slant submanifolds of an almost
Hermitian manifold (for further information, see ([13], [44])).
As we know, the quaternionic Ka¨hler manifolds have applications in physics as
the target spaces for nonlinear σ−models with supersymmetry [15].
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As a generalization of slant submanifolds, pointwise slant submanifolds, semi-
slant submanifolds, and pointwise semi-slant submanifolds, we will define the no-
tions of pointwise almost h-slant submanifolds and pointwise almost h-semi-slant
submanifolds.
The paper is organized as follows. In section 2 we recall some notions, which are
needed in the following sections. In section 3 we give the definitions of pointwise
almost h-slant submanifolds, pointwise almost h-semi-invariant submanifolds, and
pointwise almost h-semi-slant submanifolds and obtain some properties: a char-
acterization of such submanifolds, the integrability of distributions, the equivalent
conditions for such distributions to be totally geodesic foliations, the mean curva-
ture vector fields on totally umbilic submanifolds, etc. In section 4 we deal with the
geometrical properties of slant functions. In section 5 we consider proper pointwise
almost h-slant submanifolds of hyperka¨hler manifolds and obtain some subalgebras
of their cohomology algebras. From these topological results, we induce some ge-
ometrical properties. In section 6 we get some properties on non-trivial warped
product proper pointwise h-semi-slant submanifolds of hyperka¨hler manifolds. Us-
ing these results, we obtain an inequality for the squared norm of the second funda-
mental form in terms of a warping function and a h-semi-slant function. In section
7 we give some examples of such submanifolds.
2. Preliminaries
Let (M, g) be a Riemannian manifold, whereM is am-dimensional C∞-manifold
and g is a Riemannian metric on M . Let M be a n-dimensional submanifold of
(M, g).
Denote by TM⊥ the normal bundle of M in M .
Denote by ∇ and ∇ the Levi-Civita connections of M and M , respectively.
Then the Gauss and Weingarten formulas are given by
∇XY = ∇XY + h(X,Y ),(2.1)
∇XZ = −AZX +DXZ,(2.2)
respectively, for tangent vector fields X,Y ∈ Γ(TM) and a normal vector field Z ∈
Γ(TM⊥), where h denotes the second fundamental form, D the normal connection,
and A the shape operator of M in M .
Then the second fundamental form and the shape operator are related by
(2.3) 〈AZX,Y 〉 = 〈h(X,Y ), Z〉,
where 〈 , 〉 denotes the induced metric on M as well as the Riemannian metric g
on M . We will also denote by g the induced metric on M .
Choose a local orthonormal frame {e1, · · · , em} of TM such that e1, · · · , en are
tangent to M and en+1, · · · , em are normal to M .
Then the mean curvature vector H is defined by
(2.4) H :=
1
n
trace h =
1
n
n∑
i=1
h(ei, ei)
and the squared mean curvature is given by H2 := 〈H,H〉.
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The squared norm of the second fundamental form h is given by
(2.5) ||h||2 :=
n∑
i,j=1
〈h(ei, ej), h(ei, ej)〉.
Let (B, gB) and (F, gF ) be Riemannian manifolds, where gB and gF are Riemannian
metrics on manifolds B and F , respectively. Let f be a positive C∞-function on B.
Consider the product manifold B×F with the natural projections pi1 : B×F 7→ B
and pi2 : B × F 7→ F . The warped product manifold M = B ×f F is the product
manifold B × F equipped with the Riemannian metric gM such that
(2.6) ||X ||2 = ||dpi1X ||
2 + f2(pi1(x))||dpi2X ||
2
for any tangent vector X ∈ TxM , x ∈ M . Thus, we get gM = gB + f
2gF . The
function f is called the warping function of the warped product manifold M [9].
If the warping function f is constant, then we call the warped product manifold
M trivial.
Given vector fields X ∈ Γ(TB) and Y ∈ Γ(TF ), we can obtain their natural
horizontal lifts X˜, Y˜ ∈ Γ(TM) such that dpi1X˜ = X and dpi2Y˜ = Y .
Conveniently, identify X˜ and Y˜ with X and Y , respectively.
We choose a local orthonormal frame {e1, · · · , en} of the tangent bundle TM of
M such that e1, · · · , en1 ∈ Γ(TB) and en1+1, · · · , en ∈ Γ(TF ).
Then we have
(2.7) △f =
n1∑
i=1
((∇eiei)f − e
2
i f).
Given unit vector fields X,Y ∈ Γ(TM) such that X ∈ Γ(TB) and Y ∈ Γ(TF ), we
easily obtain
(2.8) ∇XY = ∇YX = (X ln f)Y,
where ∇ is the Levi-Civita connection of (M, gM ), so that
K(X ∧ Y ) = 〈∇Y∇XX −∇X∇YX,Y 〉(2.9)
=
1
f
((∇XX)f −X
2f),
where K(X ∧ Y ) denotes the sectional curvature of the plane < X, Y > spanned
by X and Y over R.
Hence,
(2.10)
△f
f
=
n1∑
i=1
K(ei ∧ ej)
for each j = n1 + 1, · · · , n.
We remind some notions in the submanifold theory. It can help us to under-
stand our notions. We may compare these notions with our notions and find some
similarities and differences among them.
Let (M, g, J) be an almost Hermitian manifold, where M is a C∞-manifold, g
is a Riemannian metric on M , and J is an almost complex structure on M which
is compatible with g. i.e., J ∈ End(TM), J2 = −id, g(JX, JY ) = g(X,Y ) for
X,Y ∈ Γ(TM).
Let M be a submanifold of M = (M, g, J).
We call M an almost complex submanifold of M if J(TxM) ⊂ TxM for x ∈M .
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The submanifold M is said to be a totally real submanifold if J(TxM) ⊂ TxM
⊥
for x ∈M .
The submanifold M is called a CR-submanifold [2] if there exists a distribution
D ⊂ TM on M such that J(Dx) = Dx and J(D
⊥
x ) ⊂ TxM
⊥ for x ∈M , where D⊥
is the orthogonal complement of D in TM .
We call M a slant submanifold [8] of M if the angle θ = θ(X) between JX and
the tangent space TxM is constant for nonzero X ∈ TxM and any x ∈M .
The submanifold M is said to be a semi-slant submanifold [36] if there is a
distribution D ⊂ TM on M such that J(Dx) = Dx for x ∈ M and the angle
θ = θ(X) between JX and the space D⊥x is constant for nonzero X ∈ D
⊥
x and any
x ∈M , where D⊥ is the orthogonal complement of D in TM .
The submanifold M is called a pointwise slant submanifold ([18], [13]) if at each
given point x ∈M , the angle θ = θ(X) between JX and the tangent space TxM is
constant for nonzero X ∈ TxM .
We callM a pointwise semi-slant submanifold [44] ofM if there is a distribution
D ⊂ TM on M such that J(Dx) = Dx for x ∈ M and at each given point x ∈ M ,
the angle θ = θ(X) between JX and the space D⊥x is constant for nonzero X ∈ D
⊥
x ,
where D⊥ is the orthogonal complement of D in TM .
Now, we introduce almost quaternionic Hermitian manifolds.
Let M be a 4m−dimensional C∞-manifold and let E be a rank 3 subbundle of
End(TM) such that for any point p ∈ M with a neighborhood U , there exists a
local basis {J1, J2, J3} of sections of E on U satisfying for all α ∈ {1, 2, 3}
J2α = −id, JαJα+1 = −Jα+1Jα = Jα+2,
where the indices are taken from {1, 2, 3} modulo 3.
Then we call E an almost quaternionic structure on M and (M,E) an almost
quaternionic manifold [1].
Moreover, let g be a Riemannian metric on M such that for any point p ∈ M
with a neighborhood U , there exists a local basis {J1, J2, J3} of sections of E on U
satisfying for all α ∈ {1, 2, 3}
(2.11) J2α = −id, JαJα+1 = −Jα+1Jα = Jα+2,
(2.12) g(JαX, JαY ) = g(X,Y )
for all vector fieldsX,Y ∈ Γ(TM), where the indices are taken from {1, 2, 3}modulo
3.
Then we call (M,E, g) an almost quaternionic Hermitian manifold [27].
Conveniently, the above basis {J1, J2, J3} satisfying (2.11) and (2.12) is said to
be a quaternionic Hermitian basis.
Let (M,E, g) be an almost quaternionic Hermitian manifold.
We call (M,E, g) a quaternionic Ka¨hler manifold if there exist locally defined
1-forms ω1, ω2, ω3 such that for α ∈ {1, 2, 3}
∇XJα = ωα+2(X)Jα+1 − ωα+1(X)Jα+2
for any vector field X ∈ Γ(TM), where the indices are taken from {1, 2, 3} modulo
3 [27].
If there exists a global parallel quaternionic Hermitian basis {J1, J2, J3} of sec-
tions of E on M (i.e., ∇Jα = 0 for α ∈ {1, 2, 3}, where ∇ is the Levi-Civita
connection of the metric g), then (M,E, g) is said to be a hyperka¨hler manifold.
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Furthermore, we call (J1, J2, J3, g) a hyperka¨hler structure onM and g a hyperka¨hler
metric [4].
Let M = (M,E, g) be an almost quaternionic Hermitian manifold and M a
submanifold of M .
We call M a QR-submanifold (quaternionic-real submanifold) [3] of M if there
exists a vector subbundle D of TM⊥ on M such that given a local quaternionic
Hermitian basis {J1, J2, J3} of E, we have JαD = D and Jα(D
⊥) ⊂ TM for α ∈
{1, 2, 3}, where D⊥ is the orthogonal complement of D in TM⊥.
The submanifold M is said to be a quaternion CR-submanifold [5] if there exists
a distribution D ⊂ TM on M such that given a local quaternionic Hermitian basis
{J1, J2, J3} of E, we get JαD = D and Jα(D
⊥) ⊂ TM⊥ for α ∈ {1, 2, 3}, where
D⊥ is the orthogonal complement of D in TM (for more information, see [6]).
Throughout this paper, we will use the above notations.
3. Pointwise almost h-semi-slant submanifolds
In this section we define the notions of pointwise h-slant submanifolds, point-
wise almost h-slant submanifolds, pointwise h-semi-invariant submanifolds, point-
wise almost h-semi-invariant submanifolds, pointwise h-semi-slant submanifolds,
and pointwise almost h-semi-slant submanifolds. And we investigate the geometry
of such submanifolds.
Definition 3.1. Let (M,E, g) be an almost quaternionic Hermitian manifold and
M a submanifold of (M, g). The submanifold M is called a pointwise almost h-
slant submanifold if given a point p ∈ M with a neighborhood V , there exist an
open set U ⊂M with U ∩M = V and a quaternionic Hermitian basis {I, J,K} of
sections of E on U such that for each R ∈ {I, J,K}, at each given point q ∈ V the
angle θR = θR(X) between RX and the tangent space TqM is constant for nonzero
X ∈ TqM .
We call such a basis {I, J,K} a pointwise almost h-slant basis and the angles
{θI , θJ , θK} almost h-slant functions as functions on V .
Remark 3.2. Furthermore, if we have
θ = θI = θJ = θK ,
then we call the submanifoldM a pointwise h-slant submanifold, the basis {I, J,K}
a pointwise h-slant basis, and the angle θ a h-slant function.
Definition 3.3. Let (M,E, g) be an almost quaternionic Hermitian manifold and
M a submanifold of (M, g). The submanifold M is called a pointwise almost h-
semi-slant submanifold if given a point p ∈ M with a neighborhood V , there exist
an open set U ⊂M with U ∩M = V and a quaternionic Hermitian basis {I, J,K}
of sections of E on U such that for each R ∈ {I, J,K}, there is a distribution
DR1 ⊂ TM on V such that
TM = DR1 ⊕D
R
2 , R(D
R
1 ) = D
R
1 ,
and at each given point q ∈ V the angle θR = θR(X) between RX and the space
(DR2 )q is constant for nonzero X ∈ (D
R
2 )q, where D
R
2 is the orthogonal complement
of DR1 in TM .
We call such a basis {I, J,K} a pointwise almost h-semi-slant basis and the angles
{θI , θJ , θK} almost h-semi-slant functions as functions on V .
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Remark 3.4. Furthermore, if D1 = D
I
1 = D
J
1 = D
K
1 , then we call the submanifold
M a pointwise h-semi-slant submanifold, the basis {I, J,K} a pointwise h-semi-slant
basis, and the angles {θI , θJ , θK} h-semi-slant functions.
Moreover, if we have
θ = θI = θJ = θK ,
then we call the submanifold M a pointwise strictly h-semi-slant submanifold, the
basis {I, J,K} a pointwise strictly h-semi-slant basis, and the angle θ a strictly
h-semi-slant function.
Remark 3.5. LetM be a submanifold of an almost quaternionic Hermitian manifold
(M,E, g). If M is a pointwise almost h-semi-slant submanifold of (M,E, g) with
almost h-semi-slant functions θI = θJ = θK =
pi
2
, then we call the submanifoldM a
pointwise almost h-semi-invariant submanifold and the basis {I, J,K} a pointwise
almost h-semi-invariant basis.
Similarly, ifM is a pointwise h-semi-slant submanifold of (M,E, g) with h-semi-
slant functions θI = θJ = θK =
pi
2
, then we call the submanifold M a pointwise
h-semi-invariant submanifold and the basis {I, J,K} a pointwise h-semi-invariant
basis.
Remark 3.6. LetM be a submanifold of an almost quaternionic Hermitian manifold
(M,E, g). If M is a pointwise h-semi-slant submanifold of (M,E, g) with D1 = 0
and D2 = TM , then the submanifold M is a pointwise almost h-slant submanifold
of (M,E, g).
Remark 3.7. As we know, an isometric immersion is the corresponding notion of a
Riemannian submersion ([35], [22], [21]). In the similar way, almost h-slant subman-
ifolds, almost h-semi-invariant submanifolds, and almost h-semi-slant submanifolds
correspond to almost h-slant submersions, almost h-semi-invariant submersions,
and almost h-semi-slant submersions, respectively ([38], [39], [40]). Similarly, point-
wise almost h-slant submanifolds, pointwise almost h-semi-invariant submanifolds,
and pointwise almost h-semi-slant submanifolds are the corresponding notions of
pointwise almost h-slant submersions, pointwise almost h-semi-invariant submer-
sions, and pointwise almost h-semi-slant submersions, respectively. Therefore, we
need to study deeply the notions of almost h-slant submanifolds, almost h-semi-
invariant submanifolds, almost h-semi-slant submanifolds, pointwise almost h-slant
submersions, pointwise almost h-semi-invariant submersions, and pointwise almost
h-semi-slant submersions as the future works.
On a Ka¨hler manifold (M, g, J), we can consider a pointwise slant submanifold
as a generalization of a slant submanifold and a pointwise semi-slant submanifold as
a generalization of a semi-slant submanifold. As we know, if we can get some func-
tions on M , then by using these functions we may obtain some information about
the manifold M and they are surely helpful to us to study the manifold M . In this
point of view, pointwise slant submanifolds and pointwise semi-slant submanifolds
may have much information than slant submanifolds and semi-slant submanifolds,
respectively. We also know that a hyperka¨hler manifold is the generalized version
of a Ka¨hler manifold so that the notions of slant submanifolds, semi-slant subman-
ifolds, pointwise slant submanifolds, pointwise semi-slant submanifolds on a Ka¨hler
manifold can be induced on a hyperka¨hler manifold such as h-slant submanifolds,
h-semi-slant submanifolds, pointwise h-slant submanifolds, pointwise h-semi-slant
submanifolds.
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In this paper, we will study the notions of pointwise h-slant submanifolds and
pointwise h-semi-slant submanifolds. But there are yet no papers which are dealing
with the notions of h-slant submanifolds and h-semi-slant submanifolds so that in
the future works, we can consider such notions. Given a pointwise almost h-slant
submanifold M of a hyperka¨hler manifold (M, I, J,K, g) such that {I, J,K} is a
pointwise almost h-slant basis, we have three almost h-slant functions θI , θJ , θK on
M .
LetM be a pointwise almost h-semi-slant submanifold of an almost quaternionic
Hermitian manifold (M,E, g). Given a point p ∈ M with a neighborhood V ,
there exist an open set U ⊂ M with U ∩M = V and a quaternionic Hermitian
basis {I, J,K} of sections of E on U such that for each R ∈ {I, J,K}, there is a
distribution DR1 ⊂ TM on V such that
TM = DR1 ⊕D
R
2 , R(D
R
1 ) = D
R
1 ,
and at each given point q ∈ V the angle θR = θR(X) between RX and the space
(DR2 )q is constant for nonzero X ∈ (D
R
2 )q, where D
R
2 is the orthogonal complement
of DR1 in TM .
Then for X ∈ Γ(TM) and R ∈ {I, J,K}, we write
(3.1) X = PRX +QRX,
where PRX ∈ Γ(D
R
1 ) and QRX ∈ Γ(D
R
2 ).
For X ∈ Γ(TM) and R ∈ {I, J,K}, we get
(3.2) RX = φRX + ωRX,
where φRX ∈ Γ(TM) and ωRX ∈ Γ(TM
⊥).
For Z ∈ Γ(TM⊥) and R ∈ {I, J,K}, we have
(3.3) RZ = BRZ + CRZ,
where BRZ ∈ Γ(TM) and CRZ ∈ Γ(TM
⊥).
Then given R ∈ {I, J,K}, we have
(3.4) TM⊥ = ωRD
R
2 ⊕ µR,
where µR is the orthogonal complement of ωRD
R
2 in TM
⊥ and is R-invariant.
Furthermore,
φRD
R
1 = D
R
1 , ωRD
R
1 = 0, φRD
R
2 ⊂ D
R
2 , BR(TM
⊥) = DR2 ,(3.5)
φ2R +BRωR = −id, C
2
R + ωRBR = −id,(3.6)
ωRφR + CRωR = 0, BRCR + φRBR = 0.(3.7)
For X,Y ∈ Γ(TM) and R ∈ {I, J,K}, we define
(3.8) (∇XφR)Y := ∇X(φRY )− φR∇XY,
(3.9) (DXωR)Y := DX(ωRY )− ωR∇XY.
Then the tensors φR and ωR are said to be parallel if ∇φR = 0 and DωR = 0,
respectively.
Throughout this paper, we will use the above notations.
We easily get
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Lemma 3.8. Let M be a pointwise almost h-semi-slant submanifold of a hy-
perka¨hler manifold (M, I, J,K, g) such that {I, J,K} is a pointwise almost h-semi-
slant basis on M . Then we have
(1)
(∇XφR)Y = AωRYX +BRh(X,Y ),
(DXωR)Y = −h(X,φRY ) + CRh(X,Y )
for X,Y ∈ Γ(TM) and R ∈ {I, J,K}.
(2)
− φRAZX +BRDXZ = ∇X(BRZ)−ACRZX,
− ωRAZX + CRDXZ = h(X,BRZ) +DX(CRZ)
for X ∈ Γ(TM), Z ∈ Γ(TM⊥), and R ∈ {I, J,K}.
In a similar way to Proposition 3.6 of [40], we obtain
Proposition 3.9. Let M be a pointwise almost h-semi-slant submanifold of an
almost quaternionic Hermitian manifold (M,E, g). Then we get
(3.10) φ2RX = − cos
2 θR ·X for X ∈ Γ(D
R
2 ) and R ∈ {I, J,K},
where {I, J,K} is a pointwise almost h-semi-slant basis with the almost h-semi-slant
functions {θI , θJ , θK}.
Remark 3.10. Since
(3.11) g(φRX,Y ) = −g(X,φRY ),
by (3.10), we easily obtain
g(φRX,φRY ) = cos
2 θRg(X,Y )(3.12)
g(ωRX,ωRY ) = sin
2 θRg(X,Y )(3.13)
for X,Y ∈ Γ(DR2 ) and R ∈ {I, J,K}.
Theorem 3.11. Let M be a pointwise h-semi-slant submanifold of a hyperka¨hler
manifold (M, I, J,K, g) such that {I, J,K} is a pointwise h-semi-slant basis. Then
the following conditions are equivalent:
a) the complex distribution D1 is integrable.
b)
h(X,φIY )− h(Y, φIX) +DX(ωIY )−DY (ωIX) = 0,
QI (∇X(φIY )−∇Y (φIX) +AωIXY −AωIYX) = 0
for X,Y ∈ Γ(D1).
c)
h(X,φJY )− h(Y, φJX) +DX(ωJY )−DY (ωJX) = 0,
QJ(∇X(φJY )−∇Y (φJX) +AωJXY −AωJYX) = 0
for X,Y ∈ Γ(D1).
d)
h(X,φKY )− h(Y, φKX) +DX(ωKY )−DY (ωKX) = 0,
QK(∇X(φKY )−∇Y (φKX) +AωKXY −AωKYX) = 0
for X,Y ∈ Γ(D1).
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Proof. Given X,Y ∈ Γ(D1) and R ∈ {I, J,K}, by using (3.2), (2.1), and (2.2), we
have
R[X,Y ] = R(∇XY −∇YX)
= ∇X(RY )−∇Y (RX)
= ∇X(φRY + ωRY )−∇Y (φRX + ωRX)
= ∇X(φRY ) + h(X,φRY )−AωRYX +DX(ωRY )
−∇Y (φRX)− h(Y, φRX) +AωRXY −DY (ωRX).
Since D1 is R-invariant, we obtain
a)⇔ b), a)⇔ c), a)⇔ d).
Therefore, the result follows. 
Theorem 3.12. Let M be a pointwise h-semi-slant submanifold of a hyperka¨hler
manifold (M, I, J,K, g) such that {I, J,K} is a pointwise h-semi-slant basis. Then
the following conditions are equivalent:
a) the slant distribution D2 is integrable.
b) PI(∇X(φIY )−∇Y (φIX) +AωIXY −AωIYX) = 0 for X,Y ∈ Γ(D2).
c) PJ (∇X(φJY )−∇Y (φJX) +AωJXY −AωJYX) = 0 for X,Y ∈ Γ(D2).
d) PK(∇X(φKY )−∇Y (φKX) +AωKXY −AωKYX) = 0 for X,Y ∈ Γ(D2).
Proof. Given X,Y ∈ Γ(D2), Z ∈ Γ(D1), and R ∈ {I, J,K}, by using (3.2), (2.1),
and (2.2), we get
g([X,Y ], RZ) = −g(R[X,Y ], Z)
= −g(∇X(RY )−∇Y (RX), Z)
= −g(∇X(φRY + ωRY )−∇Y (φRX + ωRX), Z)
= −g(∇X(φRY )−AωRYX −∇Y (φRX) +AωRXY, Z).
Since [X,Y ] ∈ Γ(TM) and D1 is R-invariant, we have
a)⇔ b), a)⇔ c), a)⇔ d).
Therefore, we obtain the result. 
Now we introduce some equivalent conditions for distributions Di to be totally
geodesic foliations for i ∈ {1, 2}.
Theorem 3.13. Let M be a pointwise h-semi-slant submanifold of a hyperka¨hler
manifold (M, I, J,K, g) such that {I, J,K} is a pointwise h-semi-slant basis and all
the h-semi-slant functions θI , θJ , θK are nowhere zero. Then the following condi-
tions are equivalent:
a) the complex distribution D1 defines a totally geodesic foliation.
b) g(h(X,Y ), ωIφIZ) = g(h(X, IY ), ωIZ) for X,Y ∈ Γ(D1) and Z ∈ Γ(D2).
c) g(h(X,Y ), ωJφJZ) = g(h(X, JY ), ωJZ) for X,Y ∈ Γ(D1) and Z ∈ Γ(D2).
d) g(h(X,Y ), ωKφKZ) = g(h(X,KY ), ωKZ) for X,Y ∈ Γ(D1) and Z ∈ Γ(D2).
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Proof. Given X,Y ∈ Γ(D1), Z ∈ Γ(D2), and R ∈ {I, J,K}, by using (3.2), (3.10),
and (2.1), we have
g(∇XY, Z) = g(∇XRY,RZ)
= g(∇XRY, φRZ + ωRZ)
= −g(∇XY,RφRZ) + g(∇XRY, ωRZ)
= cos2 θR · g(∇XY, Z)− g(h(X,Y ), ωRφRZ) + g(h(X,RY ), ωRZ)
so that
sin2 θR · g(∇XY, Z) = −g(h(X,Y ), ωRφRZ) + g(h(X,RY ), ωRZ).
Hence,
a)⇔ b), a)⇔ c), a)⇔ d).
Therefore, the result follows. 
Theorem 3.14. Let M be a pointwise h-semi-slant submanifold of a hyperka¨hler
manifold (M, I, J,K, g) such that {I, J,K} is a pointwise h-semi-slant basis and all
the h-semi-slant functions θI , θJ , θK are nowhere zero. Then the following condi-
tions are equivalent:
a) the slant distribution D2 defines a totally geodesic foliation.
b) g(ωIφIW,h(Z,X)) = g(ωIW,h(Z, IX)) for X ∈ Γ(D1) and Z,W ∈ Γ(D2).
c) g(ωJφJW,h(Z,X)) = g(ωJW,h(Z, JX)) for X ∈ Γ(D1) and Z,W ∈ Γ(D2).
d) g(ωKφKW,h(Z,X)) = g(ωKW,h(Z,KX)) for X ∈ Γ(D1) and Z,W ∈ Γ(D2).
Proof. Given X ∈ Γ(D1), Z,W ∈ Γ(D2), and R ∈ {I, J,K}, by using (3.2), (3.10),
and (2.1), we get
g(∇ZW,X) = −g(W,∇ZX)
= −g(RW,∇ZRX)
= −g(φRW + ωRW,∇ZRX)
= g(φ2RW + ωRφRW,∇ZX)− g(ωRW,∇ZRX)
= − cos2 θRg(W,∇ZX) + g(ωRφRW,h(Z,X))− g(ωRW,h(Z,RX))
so that
sin2 θRg(∇ZW,X) = g(ωRφRW,h(Z,X))− g(ωRW,h(Z,RX)).
Hence,
a)⇔ b), a)⇔ c), a)⇔ d).
Therefore, we obtain the result. 
4. slant functions
Like Proposition 2.1 of [13], using (3.12) and (3.5), we easily obtain
Proposition 4.1. Let M be a pointwise almost h-semi-slant submanifold of an
almost quaternionic Hermitian manifold (M,E, g).
Then
(4.1) g(φRX,φRY ) = 0 whenever g(X,Y ) = 0
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for X,Y ∈ Γ(TM) and R ∈ {I, J,K}, where {I, J,K} is a pointwise almost h-
semi-slant basis.
Proposition 4.2. Let M be a pointwise almost h-semi-slant submanifold of an
almost quaternionic Hermitian manifold (M,E, g). Then given any C∞-function
f on M , the submanifold M is also a pointwise almost h-semi-slant submanifold of
an almost quaternionic Hermitian manifold (M,E, g˜) with g˜ = e2fg.
Proof. SinceM is a pointwise almost h-semi-slant submanifold of an almost quater-
nionic Hermitian manifold (M,E, g), given a point p ∈M with a neighborhood V ,
we can take an open set U ⊂ M with U ∩M = V and a quaternionic Hermitian
basis {I, J,K} of sections of E on U such that for each R ∈ {I, J,K}, there is a
distribution DR1 ⊂ TM on V such that
TM = DR1 ⊕D
R
2 , R(D
R
1 ) = D
R
1 ,
and at each given point q ∈ V the angle θR = θR(X) between RX and the space
(DR2 )q is constant for nonzero X ∈ (D
R
2 )q, where D
R
2 is the orthogonal complement
of DR1 in TM .
Given X ∈ (DR2 )q and R ∈ {I, J,K}, we have
cos2 θR =
g(φRX,φRX)
g(X,X)
so that
cos2 θR =
e2fg(φRX,φRX)
e2fg(X,X)
=
g˜(φRX,φRX)
g˜(X,X)
,
which means the result. 
In a similar way to Proposition 4.1 of [13], we obtain
Proposition 4.3. LetM be a pointwise almost h-slant submanifold of a hyperka¨hler
manifold (M, I, J,K, g) such that {I, J,K} is a pointwise almost h-slant basis. Then
given R ∈ {I, J,K}, the almost h-slant function θR is constant on M if and only if
AωRXφRX = AωRφRXX for X ∈ Γ(TM).
Corollary 4.4. Let M be a pointwise almost h-slant submanifold of a hyperka¨hler
manifold (M, I, J,K, g) such that {I, J,K} is a pointwise almost h-slant basis. As-
sume that M is totally geodesic in (M, g). Then the almost h-slant function θR is
constant on M for each R ∈ {I, J,K}.
5. Topological properties
LetM be a pointwise almost h-semi-slant submanifold of a hyperka¨hler manifold
(M, I, J,K, g) such that {I, J,K} is a pointwise almost h-semi-slant basis. We call
M proper if θR(p) ∈ [0,
pi
2
) for p ∈M and R ∈ {I, J,K}.
Let M be a proper pointwise almost h-slant submanifold of a hyperka¨hler man-
ifold (M, I, J,K, g) such that {I, J,K} is a pointwise almost h-slant basis.
Define
(5.1) ΩR(X,Y ) := g(φRX,Y )
for X,Y ∈ Γ(TM) and R ∈ {I, J,K}.
By (3.10) and (3.11), ΩR is a non-degenerate 2-form on M .
Using Lemma 3.8, we get
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Theorem 5.1. Let M be a proper pointwise almost h-slant submanifold of a hy-
perka¨hler manifold (M, I, J,K, g) such that {I, J,K} is a pointwise almost h-slant
basis. Then the 2-form ΩR is closed for each R ∈ {I, J,K}.
Proof. Given X,Y, Z ∈ Γ(TM) and R ∈ {I, J,K}, we obtain
dΩR(X,Y, Z) = XΩR(Y, Z)− Y ΩR(X,Z) + ZΩR(X,Y )
− ΩR([X,Y ], Z) + ΩR([X,Z], Y )− ΩR([Y, Z], X)
so that by (3.5) and (3.8),
dΩR(X,Y, Z) = g(∇XφRY, Z) + g(φRY,∇XZ)− g(∇Y φRX,Z)
− g(φRX,∇Y Z) + g(∇ZφRX,Y ) + g(φRX,∇ZY )
+ g([X,Y ], φRZ)− g([X,Z], φRY ) + g([Y, Z], φRX)
= g((∇XφR)Y, Z)− g((∇Y φR)X,Z) + g((∇ZφR)X,Y ).
Using Lemma 3.8 and (2.3), we have
dΩR(X,Y, Z) = g(AωRYX +BRh(X,Y ), Z)− g(AωRXY +BRh(Y,X), Z)
+ g(AωRXZ +BRh(Z,X), Y )
= g(ωRY, h(X,Z))− g(h(X,Y ), ωRZ)
− g(ωRX,h(Y, Z)) + g(h(Y,X), ωRZ)
+ g(ωRX,h(Z, Y ))− g(h(Z,X), ωRY )
= 0.
Therefore, we get the result. 
Denote by [ΩR] the de Rham cohomology class of the 2-form ΩR for R ∈
{I, J,K}. Then we obtain
Theorem 5.2. Let M be a 2n-dimensional compact proper pointwise almost h-
slant submanifold of a 4m-dimensional hyperka¨hler manifold (M, I, J,K, g) such
that {I, J,K} is a pointwise almost h-slant basis.
Then
(5.2) H∗(M,R) ⊇ H˜,
where H˜ is the algebra spanned by {[ΩI ], [ΩJ ], [ΩK ]}.
Remark 5.3. (1) Let M be a 2n-dimensional proper pointwise almost h-slant
submanifold of a 4m-dimensional hyperka¨hler manifold (M, I, J,K, g) such
that {I, J,K} is a pointwise almost h-slant basis.
If θR(p) = 0 for p ∈ M and R ∈ {I, J,K}, then M is clearly a hy-
perka¨hler manifold with n even so that we may call M the generalized
hyperka¨hler manifold.
(2) Like Theorem 5.2, there are many results on the cohomology of compact
hyperka¨hler manifolds to be known ([26], [45], [20], [19], [24], [37]).
It is very interesting to compare Theorem 5.2 with 1.6 of [26].
Corollary 5.4. Every 2n-sphere S2n, n ≥ 2, cannot be immersed in a hyperka¨hler
manifold as a proper pointwise almost h-slant submanifold.
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Corollary 5.5. Any 2n-dimensional real projective space RP2n, n ≥ 2, cannot be
immersed in a hyperka¨hler manifold as a proper pointwise almost h-slant submani-
fold.
Corollary 5.6. Every n-dimensional complex projective space CPn, n ≥ 2, can-
not be immersed in a hyperka¨hler manifold as a proper pointwise almost h-slant
submanifold.
6. Warped product submanifolds
In a similar way to Theorem 4.1 of [44], we have
Theorem 6.1. Let (M, I, J,K, g) be a hyperka¨hler manifold. Then given R ∈
{I, J,K}, there do not exist any non-trivial warped product submanifolds M =
B ×f F of a Ka¨hler manifold (M,R, g) such that B is a proper pointwise slant
submanifold of (M,R, g) and F is a holomorphic submanifold of (M,R, g).
Proof. Given V ∈ Γ(TB), X,Y ∈ Γ(TF ), and Z ∈ Γ(TM), we have
(6.1) RZ = φZ + ωZ,
where φZ ∈ Γ(TM) and ωZ ∈ Γ(TM⊥).
And we know that φ2V = − cos2 θV for a proper semi-slant function θ on M
(i.e., θ :M 7→ [0, pi
2
)).
Using (2.8), (2.1), (2.2), (2.3), we obtain
V (ln f)g(X,Y ) = −g(∇X(φ
2V + ωφV ), Y )− g(AωVX,RY )
= g(∇X(cos
2 θV ), Y )− g(∇XωφV, Y )− g(AωVX,RY )
= cos2 θg(∇XV, Y ) + g(h(X,Y ), ωφV )− g(h(X,RY ), ωV )
so that
(6.2) sin2 θV (ln f)g(X,Y ) = g(h(X,Y ), ωφV )− g(h(X,RY ), ωV ).
Interchanging the role of X and Y at (6.2), we get
(6.3) sin2 θV (ln f)g(Y,X) = g(h(Y,X), ωφV )− g(h(Y,RX), ωV ).
Comparing (6.2) and (6.3), we have
(6.4) g(h(X,RY ), ωV ) = g(h(Y,RX), ωV ).
But
g(h(X,RY ), ωV ) = g(∇XRY,RV − φV )(6.5)
= g(∇XY, V ) + g(RY,∇XφV )
= −V (ln f)g(X,Y ) + φV (ln f)g(X,RY ).
From (6.4) and (6.5),
(6.6) φV (ln f)g(X,RY ) = 0.
Replacing V by φV and X by RX at (6.6), we obtain
(6.7) cos2 θV (ln f)g(X,Y ) = 0,
which implies V (ln f) = 0 so that f is constant. 
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Corollary 6.2. Let (M, I, J,K, g) be a hyperka¨hler manifold and M = B ×f F a
non-trivial warped product manifold of Riemannian manifolds (B, gB) and (F, gF )
with the warping function f on B. Then M cannot be immersed in a hyperka¨hler
manifold (M, I, J,K, g) as a proper pointwise h-semi-slant submanifold such that
TB = D2, TF = D1, and {I, J,K} is a pointwise h-semi-slant basis.
Example 6.3. Let
M := {(x1, x2, x3, x4, u, v) | 0 < xi < 1, 1 ≤ i ≤ 4, 0 < u, v <
pi
2
}.
Choose two points P1, P2 in the unit sphere S
3 such that
Pi = (a1i, a2i, a3i, a4i), i = 1, 2,
4∑
k=1
ak1ak2 = 0,
− a11a22 + a21a12 − a31a42 + a41a32 6= 0,
− a11a32 + a21a42 + a31a12 − a41a22 6= 0,
− a11a42 − a21a32 + a31a22 + a41a12 6= 0.
Define a map i :M ⊂ R6 7→ R20 by
i(x1, x2, x3, x4, u, v) = (y1, y2, · · · , y20)
= (x1 cosu, x2 cosu, x3 cosu, x4 cosu, x1 cos v, x2 cos v, x3 cos v, x4 cos v,
x1 sinu, x2 sinu, x3 sinu, x4 sinu, x1 sin v, x2 sin v, x3 sin v, x4 sin v,
a11u+ a12v, a21u+ a22v, a31u+ a32v, a41u+ a42v).
Consider a hyperka¨hler structure (I, J,K, 〈 , 〉) on R20 (see Section 7).
Then the tangent bundle TM (i.e., i∗(TM)) is generated byX1, X2, X3, X4, Y1, Y2,
where
X1 = cosu
∂
∂y1
+ cos v ∂
∂y5
+ sinu ∂
∂y9
+ sin v ∂
∂y13
,
X2 = cosu
∂
∂y2
+ cos v ∂
∂y6
+ sinu ∂
∂y10
+ sin v ∂
∂y14
,
X3 = cosu
∂
∂y3
+ cos v ∂
∂y7
+ sinu ∂
∂y11
+ sin v ∂
∂y15
,
X4 = cosu
∂
∂y4
+ cos v ∂
∂y8
+ sinu ∂
∂y12
+ sin v ∂
∂y16
,
Y1 = −x1 sinu
∂
∂y1
− x2 sinu
∂
∂y2
− x3 sinu
∂
∂y3
− x4 sinu
∂
∂y4
+ x1 cosu
∂
∂y9
+ x2 cosu
∂
∂y10
+ x3 cosu
∂
∂y11
+ x4 cosu
∂
∂y12
+ a11
∂
∂y17
+ a21
∂
∂y18
+ a31
∂
∂y19
+ a41
∂
∂y20
,
Y2 = −x1 sin v
∂
∂y5
− x2 sin v
∂
∂y6
− x3 sin v
∂
∂y7
− x4 sin v
∂
∂y8
+ x1 cos v
∂
∂y13
+ x2 cos v
∂
∂y14
+ x3 cos v
∂
∂y15
+ x4 cos v
∂
∂y16
+ a12
∂
∂y17
+ a22
∂
∂y18
+ a32
∂
∂y19
+ a42
∂
∂y20
.
It is easy to check that M is a proper pointwise h-semi-slant submanifold of
(R20, I, J,K, 〈 , 〉) such that D1 =< X1, X2, X3, X4 >, D2 =< Y1, Y2 >, and
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the h-semi-slant functions θI , θJ , θK with
cos θI =
| − a11a22 + a21a12 − a31a42 + a41a32|
1 +
∑4
k=1 x
2
k
,
cos θJ =
| − a11a32 + a21a42 + a31a12 − a41a22|
1 +
∑4
k=1 x
2
k
,
cos θK =
| − a11a42 − a21a32 + a31a22 + a41a12|
1 +
∑4
k=1 x
2
k
.
Obviously, the distributions D1 and D2 are integrable so that we may denote by B
and F the integral manifolds of D1 and D2, respectively.
Then we can easily check that M = (M, g) is a non-trivial warped product
Riemannian submanifold of R20 such that
M = B ×f F,
g = 2(dx21 + dx
2
2 + dx
2
3 + dx
2
4) + (1 +
4∑
k=1
x2k)(du
2 + dv2),
the warping function f =
√√√√1 + 4∑
k=1
x2k.
Therefore,M is a non-trivial warped product proper pointwise h-semi-slant sub-
manifold of (R20, I, J,K, 〈 , 〉).
Now we study non-trivial warped product proper pointwise h-semi-slant sub-
manifolds of hyperka¨hler manifolds. Using these results, we will obtain Theorem
6.7.
Lemma 6.4. Let M = B ×f F be a non-trivial warped product proper pointwise
h-semi-slant submanifold of a hyperka¨hler manifold (M, I, J,K, g) such that TB =
D1, TF = D2, and {I, J,K} is a pointwise h-semi-slant basis.
Then we have
(6.8) g(AωRVW,X) = g(AωRWV,X)
for V,W ∈ Γ(TF ), X ∈ Γ(TB), and R ∈ {I, J,K}.
Proof. Given V,W ∈ Γ(TF ), X ∈ Γ(TB), and R ∈ {I, J,K}, by using (2.2), (2.1),
(3.5), (3.2), (2.8), (3.11), and (2.3), we get
g(AωRVW,X) = g(AωRVX,W )
= g(∇XV, φRW ) + g(∇XV, ωRW ) + g(∇XφRV,W )
= g(X(ln f)V, φRW ) + g(h(X,V ), ωRW ) + g(X(ln f)φRV,W )
= g(AωRWV,X).

Lemma 6.5. Let M = B ×f F be a non-trivial warped product proper pointwise
h-semi-slant submanifold of a hyperka¨hler manifold (M, I, J,K, g) such that TB =
D1, TF = D2, and {I, J,K} is a pointwise h-semi-slant basis.
Then we obtain
(6.9) g(AωRφRWV,X) = −RX(lnf)g(φRW,V )−X(ln f) cos
2 θRg(V,W )
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and
(6.10) g(AωRWV,RX) = X(ln f)g(W,V ) +RX(ln f)g(V, φRW )
for V,W ∈ Γ(TF ), X ∈ Γ(TB), and R ∈ {I, J,K}.
Proof. Given V,W ∈ Γ(TF ), X ∈ Γ(TB), and R ∈ {I, J,K}, by using (3.5), (6.8),
(2.2), (3.2), (2.1), (2.8), and (3.12), we have
g(AωRφRWV,X) = g(AωRV φRW,X)
= −g(∇φRW (RV − φRV ), X)
= g(∇φRWV,RX) + g(∇φRWφRV,X)
= −g(V,RX(lnf)φRW )− g(φRV,X(ln f)φRW )
= −RX(ln f)g(φRW,V )−X(ln f) cos
2 θRg(V,W ).
Substituting φRW and X by W and RX , respectively, at (6.9), we easily get
(6.10). 
Lemma 6.6. Let M = B ×f F be a non-trivial warped product proper pointwise
h-semi-slant submanifold of a hyperka¨hler manifold (M, I, J,K, g) such that TB =
D1, TF = D2, and {I, J,K} is a pointwise h-semi-slant basis.
Then we obtain
(6.11) g(h(X,Y ), ωRV ) = 0
and
(6.12) g(h(X,V ), ωRW ) = −RX(lnf)g(V,W ) +X(ln f)g(V, φRW )
for X,Y ∈ Γ(TB), V,W ∈ Γ(TF ), and R ∈ {I, J,K}.
Proof. Given X,Y ∈ Γ(TB), V,W ∈ Γ(TF ), and R ∈ {I, J,K}, by using (2.1),
(3.2), (3.5), and (2.8), we have
g(h(X,Y ), ωRV ) = g(∇XY, ωRV )
= g(∇XY,RV − φRV )
= −g(∇XRY, V ) + g(Y,∇XφRV )
= g(RY,X(ln f)V ) + g(Y,X(ln f)φRV )
= 0.
And replacing X by RX at (6.10), we easily get (6.12). 
Let M = B ×f F be a non-trivial warped product proper pointwise h-semi-
slant submanifold of a hyperka¨hler manifold (M, I, J,K, g) such that TB = D1,
TF = D2, dimB = 4n1, dimF = 2n2, dimM = 4m, θI(p)θJ (p)θK(p) 6= 0 for any
p ∈M , and {I, J,K} is a pointwise h-semi-slant basis.
Using (3.12) and (3.13), given R ∈ {I, J,K}, we can choose a local orthonormal
frame {e1, en1+1, e2n1+1, e3n1+1, · · · , en1 , e2n1 , e3n1 , e4n1 , f
R
1 , f
R
n2+1
, · · · , fRn2 , f
R
2n2
,
wR1 , w
R
n2+1
, · · · , wRn2 , w
R
2n2
, v1, Iv1, Jv1,Kv1, · · · , vk, Ivk, Jvk,Kvk}, m = n1 + n2 +
k, on (M,R, g) such that {e1, en1+1, e2n1+1, e3n1+1, · · · , en1 , e2n1 , e3n1 , e4n1} is a
local orthonormal frame of TB, {fR1 , f
R
n2+1
, · · · , fRn2 , f
R
2n2
} is a local orthonormal
frame of TF , {wR1 , w
R
n2+1
, · · · , wRn2 , w
R
2n2
} is a local orthonormal frame of ωR(TF ),
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and {v1, Iv1, Jv1,Kv1, · · · , vk, Ivk, Jvk,Kvk} is a local orthonormal frame of µR,
where
en1+i := Iei, e2n1+i := Jei, e3n1+i := Kei,
fRn2+j := sec θRφRf
R
j ,
wRj := csc θRωRf
R
j ,
wRn2+j := csc θRωRf
R
n2+j
= csc θR sec θRωRφRf
R
j
for 1 ≤ i ≤ n1 and 1 ≤ j ≤ n2.
Using the above notations, we have
Theorem 6.7. Let M = B ×f F be a non-trivial warped product proper pointwise
h-semi-slant submanifold of a hyperka¨hler manifold (M, I, J,K, g) such that TB =
D1, TF = D2, dimB = 4n1, dimF = 2n2, dimM = 4m, θI(p)θJ (p)θK(p) 6= 0 for
any p ∈M , and {I, J,K} is a pointwise h-semi-slant basis.
Assume that m = n1 + n2.
Then given R ∈ {I, J,K}, we get
(6.13) ||h||2 ≥ 4n2(csc
2 θR + cot
2 θR)||∇(ln f)||
2
with equality holding if and only if g(h(V,W ), Z) = 0 for V,W ∈ Γ(TF ) and
Z ∈ Γ(TM⊥).
Proof. Given R ∈ {I, J,K}, since µR = 0, we obtain
||h||2 =
4n1∑
i,j=1
g(h(ei, ej), h(ei, ej)) +
2n2∑
i,j=1
g(h(fRi , f
R
j ), h(f
R
i , f
R
j ))
+ 2
4n1∑
i=1
2n2∑
j=1
g(h(ei, f
R
j ), h(ei, f
R
j ))
=
4n1∑
i,j=1
2n2∑
k=1
g(h(ei, ej), w
R
k )
2 +
2n2∑
i,j=1
2n2∑
k=1
g(h(fRi , f
R
j ), w
R
k )
2
+ 2
4n1∑
i=1
2n2∑
j=1
2n2∑
k=1
g(h(ei, f
R
j ), w
R
k )
2.
Using (6.11) and (6.12), we have
||h||2 =
2n2∑
i,j,k=1
g(h(fRi , f
R
j ), w
R
k )
2
+ 2 csc2 θR
4n1∑
i=1
2n2∑
j,k=1
(
−Rei(ln f)g(f
R
j , f
R
k ) + ei(ln f)g(f
R
j , φRf
R
k )
)2
=
2n2∑
i,j,k=1
g(h(fRi , f
R
j ), w
R
k )
2
+ 2 csc2 θR
4n1∑
i=1
2n2∑
j,k=1
(
(Rei(ln f))
2g(fRj , f
R
k )
2 + (ei(ln f))
2g(fRj , φRf
R
k )
2
− 2Rei(ln f) · ei(ln f)g(f
R
j , f
R
k )g(f
R
j , φRf
R
k )
)
.
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But since ∇(ln f) ∈ Γ(TB) and R(TB) = TB, we get
4n1∑
i=1
Rei(ln f) · ei(ln f) =
4n1∑
i=1
g(∇(ln f), Rei)g(∇(ln f), ei)(6.14)
= −
4n1∑
i=1
g(R∇(ln f), ei)g(∇(ln f), ei)
= −g(R∇(ln f),∇(ln f))
= 0.
Moreover, we also obtain
4n1∑
i=1
(Rei(ln f))
2 =
4n1∑
i=1
g(Rei,∇(ln f))
2(6.15)
=
4n1∑
i=1
g(ei, R∇(ln f))
2
= g(R∇(ln f), R∇(ln f))
= g(∇(ln f),∇(ln f))
= ||∇(ln f)||2.
Similarly,
(6.16)
4n1∑
i=1
(ei(ln f))
2 = ||∇(ln f)||2.
Using (6.14), (6.15), (6.16), and (3.12), we have
||h||2 =
2n2∑
i,j,k=1
g(h(fRi , f
R
j ), w
R
k )
2
+ 2 csc2 θR(||∇(ln f)||
22n2 + ||∇(ln f)||
2
2n2∑
k=1
g(φRf
R
k , φRf
R
k ))
=
2n2∑
i,j,k=1
g(h(fRi , f
R
j ), w
R
k )
2
+ 2 csc2 θR(||∇(ln f)||
22n2 + ||∇(ln f)||
2 cos2 θR · 2n2)
=
2n2∑
i,j,k=1
g(h(fRi , f
R
j ), w
R
k )
2
+ 4n2(csc
2 θR + cot
2 θR)||∇(ln f)||
2
so that
||h||2 ≥ 4n2(csc
2 θR + cot
2 θR)||∇(ln f)||
2
with equality holding if and only if g(h(fRi , f
R
j ), w
R
k ) = 0 for 1 ≤ i, j, k ≤ 2n2.
Therefore, the result follows. 
Using (6.11) and Theorem 6.7, we get
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Corollary 6.8. Let M = B ×f F be a non-trivial warped product proper pointwise
h-semi-slant submanifold of a hyperka¨hler manifold (M, I, J,K, g) such that TB =
D1, TF = D2, dimB = 4n1, dimF = 2n2, dimM = 4m, θI(p)θJ (p)θK(p) 6= 0 for
any p ∈M , and {I, J,K} is a pointwise h-semi-slant basis.
Assume that m = n1 + n2.
If ||h||2 = 4n2(csc
2 θR + cot
2 θR)||∇(ln f)||
2 for some R ∈ {I, J,K}, then M is
a minimal submanifold of M .
7. Examples
Note that given an Euclidean space R4m with coordinates (y1, y2, · · · , y4m), we
choose complex structures I, J,K on R4m as follows:
I( ∂
∂y4k+1
) = ∂
∂y4k+2
, I( ∂
∂y4k+2
) = − ∂
∂y4k+1
, I( ∂
∂y4k+3
) = ∂
∂y4k+4
, I( ∂
∂y4k+4
) = − ∂
∂y4k+3
,
J( ∂
∂y4k+1
) = ∂
∂y4k+3
, J( ∂
∂y4k+2
) = − ∂
∂y4k+4
, J( ∂
∂y4k+3
) = − ∂
∂y4k+1
, J( ∂
∂y4k+4
) = ∂
∂y4k+2
,
K( ∂
∂y4k+1
) = ∂
∂y4k+4
,K( ∂
∂y4k+2
) = ∂
∂y4k+3
,K( ∂
∂y4k+3
) = − ∂
∂y4k+2
,K( ∂
∂y4k+4
) = − ∂
∂y4k+1
for k ∈ {0, 1, · · · ,m− 1}. Then we easily check that (I, J,K, 〈 , 〉) is a hyperka¨hler
structure on R4m, where 〈 , 〉 denotes the Euclidean metric on R4m. Throughout
this section, we will use these notations.
Example 7.1. Let (M,E, g) be an almost quaternionic Hermitian manifold. Then
the tangent bundle TM of the manifold M has the natural almost quaternionic
Hermitian structure such that M is a pointwise h-slant submanifold of TM with
θ = 0 [27].
Example 7.2. Let (M,E, g) be an almost quaternionic Hermitian manifold. LetM
be a submanifold ofM such that (M,E|M , g|M ) is an almost quaternionic Hermitian
manifold, where E|M and g|M denote the restrictions of E and g toM , respectively.
Then M is a pointwise h-slant submanifold of M with θ = 0.
Example 7.3. Let M be a submanifold of a hyperka¨hler manifold (M, I, J,K, g).
Assume that the submanifold M is complex with respect to the complex structure
I (i.e., I(TM) = TM) and totally real with respect to the complex structure J
(i.e., J(TM) ⊂ TM⊥). Then it is easy to check that M is also totally real with
respect to the complex structure K. Given any C∞-function f : M 7→ [0, pi
2
], we
define
I := cos f · I − sin f · J,
J := sin f · I + cos f · J,
K := K.
It is also easy to show that {I, J,K} is a quaternionic Hermitian basis on (M, g).
Then M is a pointwise almost h-slant submanifold of an almost quaternionic Her-
mitian manifold (M, I, J,K, g) such that {I, J,K} is a pointwise almost h-slant
basis with the almost h-slant functions
θI = f, θJ =
pi
2
− f, θK =
pi
2
.
Example 7.4. Let (M1, E, g1) be an almost quaternionic Hermitian manifold.
Let M1 be a submanifold of M1 such that (M1, E|M1 , g1|M1) is an almost quater-
nionic Hermitian manifold, where E|M1 and g1|M1 denote the restrictions of E
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and g1 to M1, respectively. Let M2 be a submanifold of a hyperka¨hler manifold
(M2, I, J,K, g2) such that the submanifold M2 is complex with respect to the com-
plex structure I and totally real with respect to the complex structure J . Given
any C∞-function f :M2 7→ [0,
pi
2
], we define
I := cos f · I − sin f · J,
J := sin f · I + cos f · J,
K := K.
Consider M1 = (M1, E, g1) and M2 = (M2, I, J,K, g2). Let h : M1 7→ R be a
positive C∞-function. Denote by M1 ×h M2 and M1 ×h M2 the warped product
manifolds of M1, M2 and M1, M2, respectively. Then M1 ×h M2 is a pointwise
h-semi-slant submanifold of M1 ×h M2 such that D1 = TM1, D2 = TM2, θI = f ,
θJ =
pi
2
− f , θK =
pi
2
.
Example 7.5. Define a map i : R4 7→ R8 by
i(x1, x2, x3, x4) = (y1, y2, · · · , y8) = (0, 0, x3, x1, 0, x4, x2, 0).
Then R4 is a pointwise almost h-semi-slant submanifold of R8 such that
DI1 =<
∂
∂y3
,
∂
∂y4
>, DI2 =<
∂
∂y6
,
∂
∂y7
>,
DJ2 =<
∂
∂y3
,
∂
∂y4
,
∂
∂y6
,
∂
∂y7
>,
DK1 =<
∂
∂y6
,
∂
∂y7
>, DK2 =<
∂
∂y3
,
∂
∂y4
>
with the almost h-semi-slant functions θI = θJ = θK =
pi
2
.
Example 7.6. Let f : R8 7→ [0, pi
2
] be a C∞-function. Consider a quaternionic
Hermitian basis {I, J,K} on R8 such that
I := cos f · I − sin f · J,
J := sin f · I + cos f · J,
K := K.
Define a map i : R6 7→ R8 by
i(x1, x2, · · · , x6) = (y1, y2, · · · , y8) = (0, 0, x4, x1, x5, x2, x6, x3).
Then R6 is a pointwise h-semi-slant submanifold of (R8, I, J,K, 〈 , 〉) such that
D1 =<
∂
∂y5
,
∂
∂y6
,
∂
∂y7
,
∂
∂y8
>,
D2 =<
∂
∂y3
,
∂
∂y4
>
with the h-semi-slant functions θI = f , θJ =
pi
2
− f , θK =
pi
2
.
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